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ANNOTATION

The features of reflection and transmission of waves through unevenly moving interfaces between moving 
media are considered. With uniform motion of the interface between the media, a stationary shift in the 
frequency of the reflected wave is observed for the wave reflected from the interface (Doppler Effect). It 
has been established that when waves are reflected from a non-uniformly moving interface between media, 
an additional frequency shift occurs, non-stationary in time. Analytical solutions have been obtained for 
calculating the change in frequency of both reflected waves and waves that have passed through the moving 
interface depending on the parameters of the adjacent media, including both the Doppler Effect and an 
additional frequency shift depending on the magnitude of the acceleration of the boundary motion. It has 
been shown that this effect can be observed even in the absence of the classical Doppler Effect. Analytical 
relations are obtained for calculating the reflection and transmission coefficients of waves interacting with 
a moving interface between media. The dependence of the reflection and transmission coefficients on the 
speed of movement of the adjacent media is shown. Generalized conditions for the absence of waves reflected 
from the moving interface between the media are obtained, which are realized under certain ratios of the 
parameters and velocities of the adjacent media.
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Introduction
In medical diagnostics and measurement technology, devices are 

widely used that work using the Doppler Effect - changing the fre-
quency of signals reflected from moving objects [1-3]. This effect is 
widely used in the technology of remote measurements of the speed 
of moving objects of any nature, especially in the case of unavailabil-
ity of direct measurements. It is known [4-6] that the Doppler Effect 
underlies modern theories about the Universe [7]. Numerous vari-
eties of the Doppler Effect are known and experimentally recorded 
[8-10], including: anomalous [11-13], reverse [14-16], double [17], 
angular [18-20], rotational [21-23] , multimode [4], in chiral [24-26], 
nonlinear [27], metamedia [19] media, in acousto-optics, magnetoop-
tics, plasmonics, etc. [28]. These varieties of the Doppler Effect sig-
nificantly expand the possibilities of its use in various fields of wave 
technology in wide frequency ranges (optical, microwave) of waves of 
various physical natures (elastic, electromagnetic, etc.). At the same 
time, it should be noted that in practice the Doppler Effect can provide 

relatively high accuracy only in relatively short periods of time when 
measuring instruments are operating, when the speed of moving and 
studied objects can be considered constant during the measurement 
period. In this case, the conditions for uniform relative movement of 
the radiation source and wave receiver or a wave reflected from a 
uniformly moving interface between the media are met. At the same 
time, it is known that in the general case this condition is not met and 
the accuracy of measurements due to the failure to meet the condi-
tions for the Doppler Effect is low, and conclusions based on these 
measurements may be erroneous. 

In a number of measurement technology problems, for example, 
in radar problems, there is always uneven displacement or movement 
of interacting objects, which is called the micro-Doppler effect [10]. 
Under these conditions, the characteristics of the effect change over 
time [8,29] and taking into account the unevenness of movement be-
comes an important task in practice. To describe and analyze the Dop-
pler Effect, fairly clear geometric models are usually used [1,2,26], 
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which make it possible to analyze relatively simple situations. At the 
same time, to solve a wider and more complex range of problems, a 
less developed wave theory can be used, used in particular in [4], to 
study the multimode Doppler Effect in a waveguide structure in [4]. 
The problem of wave reflection from moving interfaces between me-
dia was considered by many authors [6] without taking into account 
all the parameters of the adjacent media, as an analysis of the signifi-
cantly influencing characteristics of the effect shows. In particular, the 
influence of the movement of media adjacent to the boundary was 
not considered. This may be due to the fact that usually the effect of 
the movement of the media themselves was previously considered an 
effect of second order of smallness due to the relatively low speed of 
this movement. The analysis shows that the movement of media leads 
to entrainment of the wave process by these media, the emergence of 
non-reciprocity of the parameters of wave-guiding media for forward 
and backward waves, to a change in the parameters of wave struc-
tures and to a qualitative change in the physical properties of these 
structures. 

This paper examines the features of the reflection of waves from 
an unevenly moving interface in the general case of moving media, the 
influence of the uneven movement of media adjacent to the interface 
on the features of changes in the frequency of elastic waves reflected 
and passing through the interface, for which these effects are more 
pronounced than for electromagnetic waves due to the low speed of 
these waves. It has been established that, in addition to the Doppler 
effect, when the boundary moves unevenly, an additional time-no 
stationary frequency shift is observed, determined by the magnitude 
of its acceleration, similar to the effect previously considered by Ritz 
[30]. In analytical form, relations are obtained for finding the frequen-
cies and coefficients of reflection and transmission of waves during 
their interaction with non-uniformly moving boundaries of media in 
the general case, taking into account the movement of media adjacent 
to the boundary. It has been established that the frequency shift of re-
flected waves from an accelerated moving interface can be observed 
in the absence of the classical Doppler Effect and, under certain con-
ditions, exceed the frequency shift observed due to the Doppler Effect, 
which determines the need to revise a number of results based on the 
Doppler Effect.

Simulation
Let us consider the reflection of waves from a non-uniformly mov-

ing interface between two media, each of which, in the general case, 

can also move. Let the flat interface between two media move along 
the 0x axis (Figure 1). At a constant speed of movement, its coordinate 
is described by the dependence x(t)=ut. In this case, the well-known 
Doppler Effect is observed [4]. With uniformly accelerated motion of 
the boundary in the same direction, the change in the coordinates of 
the interface is described by the function:

( )
2

2
atx t ut= +

 (1)

 where a is acceleration. Note that the dependence of the change 
in the frequency of the reflected wave on the magnitude of the ac-
celeration for the problem of accelerated approach of the source 
and receiver of radiation was considered by Ritz, who discovered 
its difference from the Doppler Effect [31-33]. In the case of accel-
erated motion of the boundary, the effect of changing the frequency 
of the wave reflected from it (and differing from the Doppler Effect) 
can be called the Ritz effect. The possibility of a more general case 
of uneven movement of the interface between media, when the co-
ordinate of the interface between media is described by the function 
( ) ( )x t u t dt= ∫ , where ( )u t  is the speed variable in time, requires a sep-

arate description. For elastic waves, physical processes are expressed 
more clearly due to the comparability of wave speeds and the speeds 
of movement of media and interfaces observed under normal con-
ditions. For electromagnetic waves, in particular light waves, these 
effects, due to the high speed of light, will appear over long periods 
of time or when waves propagate in slow-moving media and struc-
tures. Let there be an acoustic medium to the left of the boundary 
(Figure 1), characterized by the density 1ρ and speed of propagation 
of waves in the medium 1c  , and a medium with similar parameters, 
respectively 2ρ , 2c ,to the right. Without dwelling on the question of 
the practical feasibility of the model, for generality we assume that 
each of these media can move along the 0x axis with speeds υ1 and 
υ2. In this case, each of the media carries away the wave process with 
its movement. Then the speed of propagation of waves along the axis 
(forward waves) in the first medium is equal to 10 1 1c c υ= +  , and 
the speed of propagation of waves in the opposite direction (reverse 
waves) is equal to 

1 1 1R
c c υ= −  . In the second semi-infinite medium, 

waves (passing through the interface between the media) propagate 
waves only in the direction of the 0x  axis with speed 2 2 2Tc c υ= +  . 
There are no waves in the opposite direction.
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Figure 1: Reflection of waves from a moving (at speed u) interface.

The pressure functions of the incident p10, reflected p10 and 
transmitted p2T waves through the interface must satisfy the wave 
equations in the first and second media, and must also satisfy the 
boundary conditions on the moving interface (1), which can be repre-
sented in the form of relations [6,31]:

10 1 2R TP P P+ =  , 10 1 2x Rx Txν + ν = ν , (2)		
	

10 1 2, ,x Rx Txν ν ν  where are the particle velocities, which are de-
termined by the relations:

		  10 1 2
10 1 1

1 1 1 2 2

1 1 1,  ,  R T
x Rx Tx

p p p
i x i x i x

ν ν ν
ωρ ω ρ ω ρ

∂ ∂ ∂
= = =

∂ ∂ ∂  

The solution of the wave equations in the first and second media 
are sought in the form of functions:

					   
( )10 10 10exp ,p A i t k x= ω −  

 ( )1 1 1 1expR R Rp A i t k x= ω +   ,

 ( )2 2 2 2expT T Tp A i t k x= ω −    (3)

 10 1 2, ,R TA A A  the amplitude of the incident reflected from the 
interface and passed through the interface of the media waves. The 
wave numbers are:

 1 2
10 1 1

1 1 1 1 2 2

,  ,  R Tk k k
c c c
ω ω ω

= = =
+ υ − υ + υ

The choice of different frequencies for direct 1 2, ,ω ω ω  , back-
ward and transmitted waves in (2) is determined by the Doppler 
effect and allows us to obtain an analytical solution for calculating 
the parameters of direct and reflected waves that satisfies the wave 
equations in both media and the boundary conditions at the moving 
interface between the media. Note that the change in the frequency 
of the transmitted wave depending on the frequency of the incident 
wave has not been studied previously [2,3,26], perhaps for the simple 
reason that this change in frequency occurs only when the parame-
ters of the first and second media differ, that is. for a case that was not 
considered.

Main Results
Substituting the desired solutions in the form of functions (3) into 

the first boundary condition (2), taking into account (1), gives the re-
lation:

10 1 1 2 2
10 1 2

2 2 2exp 1 exp 1 exp 1R T
R T

at at atu u u
A i t A i t A i t

c c c

          + + +          
ω − + ω + = ω −          

          
               

 	

which must be fulfilled for any moment in time t, which can only 
be ensured if:

1 2
10 1 2

2 2 21 1 1
R T

at at atu u u

c c c

     + + +     
ω − = ω + = ω −     
     
     

 (4)

Taking into account the movement of media, relation (4) can be 
represented as:
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1 1 1 1 2 2
1 1 1 2 2 2 1 1 1

1 1 1 1 2 2 2
1 1 2 2 1 1

2 2 2,  ,  

2 2 2

at at atc u c u c uc c c
at at atc c cc u c u c u

     + υ − − + υ − − + υ − −     ω − υ ω + υ ω −υ
= = =     ω + υ ω + υ ω + υ     − υ + + + υ − − − υ + +
     

Relation (4) relates the frequencies of the reflected wave 1ω  and 
the wave that passed through the interface between the media 2ω  
, with the frequency of the incident wave. In previous studies [1-3], 
they were limited to analyzing the case of a constant speed of move-
ment of the interface between media (Doppler Effect) ( )u const= , in 
which the change in the frequency of reflected waves does not change 
with time. This approximation is mainly used in practice.

1 1 1 1 2 2
1 1 1 2 2 2 1 1 1

1 1 1 1 2 2 2
1 1 2 2 1 1

2 2 2,  ,  

2 2 2

at at atc u c u c uc c c
at at atc c cc u c u c u

     + υ − − + υ − − + υ − −     ω − υ ω + υ ω −υ
= = =     ω + υ ω + υ ω + υ     − υ + + + υ − − − υ + +
     

 In this case, the magnitude of the acceleration is 0a =  . This 
approximation can also be used for uneven motion during periods of 
time when the condition: at <<с is satisfied, which, however, is violat-
ed over time. Over time, the speed change parameter increases and 
the main effect of frequency change associated with acceleration be-
comes. This effect also manifests itself in the general case for variable 
acceleration. When the relation at >c is satisfied, this effect becomes 
more significant than the frequency shift in accordance with the Dop-
pler effect.

Note that the Doppler Effect is considered for the reflected wave. 
Therefore, it is necessary to fulfill the condition 1 1ñ uυ+ >  when the 
wave catches up with the interface between the media when the first 
medium and the boundary are moving or, if the first medium is sta-
tionary at 1ñ u>  . Generalization to the case of accelerated motion 
(Ritz effect) leads to the need to fulfill the relation 1 1 0

2
atc u+ υ − − >  

(the wave catches up with the interface between the media escaping 
with acceleration). If 1 1 0

2
atc u+ υ − − =  - the wave in the first wave 

moves at the speed of the interface, the effect of wave reflection is not 
observed. Under the condition 1 1ñ υ=  , the speed of movement of the 
medium reaches the speed of wave propagation. In this case, there is 
no reflected wave and the frequency of the reflected wave (3) 1 1ñ υ→  
tends to 1 0ω →  . Thus, from relation (3) it follows that the change in 
the frequency of reflected waves includes a time-constant component 
(depending on the speed of movement of the interface - this is the 
Doppler Effect), and a time-variable component (at constant acceler-
ation - this is the Ritz effect). In this case, a change in the frequency of 
the reflected wave is observed over a limited period of time, equal to 
constant acceleration 1 1

2
c u

a
+ υ −

τ ≤  , and the frequency of the reflected 
waves decreases 

1 0ω →  over time until the moment when the speed 
of movement of the interface, which increases due to acceleration, 
reaches the speed of propagation of the incident wave.

The speed of movement of the interface between the media 
at this moment in time reaches the speed of the wave. During this 
time, the interface between the media shifts by a distance equal to

( )22
1 1

2 8
c uas

a
+ υ −τ

= =

Discussion
In the simplest known case of a uniformly moving interface be-

tween moving media (a=0, u≠0), from equation (4) the following re-
lations follow:

 

10 101 1 1 1 1 2 1 1 2 2

1 1 1 1 1 1 2 2

1 2

1 1
( ) ( ),  

1 1
R T

u u
c cñ u ñ ñ u ñ

ñ ñ u ñ ñ uu u
c c

   
− −   

ω + υ − − υ ω + υ − + υ   = = = =
ω + υ −υ + ω + υ + υ −   

+ −   
   

, 

If the media, as in commonly considered configurations, are 
immobile, then υ1=0, υ2=0 and general relations (3) turn into the 
known relations of the Doppler Effect [1,2]:

1 1

1

ñ u
ñ u

ω −
=

ω +
 2 1

2

ñ u
ñ u

ω −
=

ω −

The second of these relations shows that a change in the frequen-
cy of a wave that has passed through the interface between media is 
observed only if these media have different wave propagation speeds
( )1 2c c≠  . If the medium on both sides of the interface is the same, 
then the frequency of the transmitted wave does not change 2ω ω=
. In this case, if the interface between the media moves in the direc-
tion of propagation of the incident wave (velocities u and c1 coincide 
in direction, that is, the interface “runs away” from the wave), then 
the frequency of the reflected wave is less than the frequency of the 
wave. In the more general case of uneven motion of the interface be-
tween media ( 0a ≠ ), the dependence of the relative change in the 
frequency of reflected and transmitted waves through an accelerated 
moving interface (at u/c=0.1 and u/c=0.2) on the parameter at is de-
scribed by the relation (4 ) and is shown in Figure 2. The frequency 
shift due to the Doppler Effect depends only on speed and does not 
depend on time. The frequency shift occurring due to the accelerat-
ed movement of the interface becomes decisive after a time interval 
t~u/a even at a small acceleration a, when it reaches the value at~u. 
Accounting for both boundary conditions (2) gives a system of equa-
tions for determining the amplitudes of the reflected and transmitted 
waves, which takes the form:

10 1 2R TA A A+ =  ,

10 1 2
10 1 2

1 1 1 2 2

R T
R T

k k kA A A
ωρ ω ρ ω ρ

− + = −  .
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Figure 2: Change in frequency of reflected (1.2) and transmitted (3.4) waves (u/c=0.1 – 1.3 and u/c=0.2 -2.4, - ωω1  - 3.4, and  ωω2 - 1 ,2).

Hence, the reflection coefficient R and the transmission coeffi-
cient T are determined by the relations:

 		
( ) ( )
( ) ( )

10 2

2 2 2 1 1 11 1 2 2

1 210 2 2 2 1 1 1

1 1 2 2

T

R

R T

k k
c cAR k kA c c

−
ρ + υ −ρ + υωρ ω ρ

= = =
ρ + υ +ρ − υ+

ω ρ ω ρ

 

( ) ( )

101

2 1 1 1 1 2 2 2

1 210 2 2 2 1 1 1 1 1

1 1 2 2

2
R

T

R T

kk
A c cT k kA c c c

+
ω ρ ωρ ρ + υ

= = =
ρ + υ +ρ − υ + υ+

ω ρ ω ρ

	

from which it follows that the coefficients R and T depend only 
on the parameters of the media, the velocities of the waves in these 
media and on the velocities of the media themselves (Figure 3). It is 
possible to ensure the absence of a reflected wave by fulfilling the fol-
lowing relation between the velocities and parameters of the media: 

( ) ( )2 2 2 1 1 1ñ cρ + υ = ρ + υ  . If the media are stationary, then 1 2 0υ = υ =  

the reflection coefficient is determined by the relation:

2 2 1 1

2 2 1 1

ñ ñR
ñ ñ

ρ −ρ
=
ρ +ρ

 

and there is no reflected wave ( 0R = ) provided: 2 2 1 1ñ ñρ ρ=  - 
(agreement condition). If this matching condition for the given media 
is not met, then it can be achieved by moving the media. For example, 
if the first medium is stationary ( 1 0υ = ), to fulfill the relation 0R =  
, it is necessary that the speed of the second medium be equal to:

1 1 2 2
2

2

ñ ñρ −ρ
υ =

ρ
 .

If the second medium is stationary ( 2 0υ =  ), then the matching 
condition and the absence of a reflected wave can be achieved by 
moving the first medium with a speed. Thus, the movement of the 
media can provide the condition for matching the parameters of the 
media, in which there is no reflection from the interface between the 
media.
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Figure 3: Dependence of the reflection R and transmission coefficients T on the relative velocity of the first medium   ( )1 2 2 1 2, 2 , 0c cρ ρ υ= = =

Conclusion
The stationary change in the frequency of waves, observed when 

they are reflected from uniformly moving objects (Doppler effect) or 
interfaces between media, depends not only on the speed of move-
ment of the interfaces, but also on the parameters of the adjacent me-
dia. The effect of changing the frequency of the reflected signal due to 
accelerated movement leads to a significant distortion of the results of 
measuring the speed of moving objects during high, even short-term 
accelerated movements of objects or when measuring the speed of 
distant objects even at low accelerations, when the parameter of the 
product of acceleration and time becomes comparable to the speed 
of the object. This shows the need to adjust the settings of multiple 
Doppler sensors. Coordination of the media, which makes it possible 
to ensure the absence of a reflected wave, can be ensured both by se-
lecting the parameters of the adjacent media and by the movement 
of these media. When reflected from non-uniformly moving objects 
or media interfaces, an additional frequency change occurs, the mag-
nitude of which depends on time and on the acceleration of motion. 
This frequency shift can also exist in those moments when the Dop-
pler Effect is absent (the speed of the interface movement u=0).
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