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Method

In this paper we analyze a mathematical model of cancer cell invasion consisting
of a system of partial differential equations which describes the interactions between
cancer cells, the matrix degrading enzyme and the host tissue. The main objective of
the present paper is to show, using numerical computations, the ability of a relatively
simple model to produce complicated dynamics. We build some novel techniques and
numerical algorithms based on the Generalized Finite Difference Method (GFDM) and
test the method in several examples.

Keywords: Chemotaxis Haptotaxis; Meshless Method; Generalized Finite Difference

Introduction

In this paper we focus on the discretization of a mathematical
model describing the process of cells invasion in the surrounding
extracellular matrix using a Generalized Finite Difference Method.
Chaplain and Lolas in [1,2] developed a mathematical model con-
sisting of three partial differential equations describing the evolu-
tion in time and space of the system variables. It is assumed that
the key physical variables are tumor cell density (denoted by U);
protein density of the extracellular matrix (denoted by W) and the
concentration of the chemical substance responsible for the che-
motaxis (denoted by V) each of them considered at and time t > 0.
Throughout this paper = R* is a bounded domain with a regular
boundary. The model is the following:
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where we consider the chemotactic and hepatotactic coeffi-
cients, n and p, respectively, to be constant and positive. The pa-
rameter k represents the net growth of the tumor cell density. It is

natural to assume homogeneous Neumann boundary condition as

we assume that invasion takes place within an isolated system (see
[2]). We consider for our numerical simulation
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Tao and Winkler in [3] have demonstrated that whenever the

0, xed, t>0. (2)

initial data (U, V, W) are regular fulfilling

U,>0,W,<land K>'LZ, solution (U,V,W) converges asumptoti-
cally to the constant stationary solution (1, 1, 0) in the LOO(Q) .
The GFDM has been recently proved to obtain highly accurate ap-
proximations to the solutions of nonlinear PDEs (see for instance
[6,5,4]. The paper is organized as follows: in Section 2 we present
the explicit formula of the GFDM and obtain the explicit scheme. In
Section 3 we present numerical examples. In particular, the first ex-
ample shows the convergence of the solution to the constant steady
state (1, 1, 0), in accordance with the theory [3]. The second and
third examples show that for an appropriate initial data the solu-
tion converges to (0, 0, lf}), with W arbitrary. Finally, we obtain

some conclusions in Section 4.
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GFD Scheme

As stated in the introduction, our objective is to derive a discret-
ization of system (1) using the GDF explicit formulae. To do so, let
us consider a bounded domain Q < R, Then,

QUL PV UV QU oUW

ou ow
= — - _—
ot o0y’ 7 Ox Ox g oy Oy ox Ox

P
o (3)
~UMAV + pAW)+ KU1 -U -W).

2 2 4
t:65+aZ—V+U,()
ox~ Oy
W, =-Vw. (5)

Therefore, system (1) reads as equations (3), (4) and (5) to-

gether with the nonnegative initial data

Ux.0) = Up(x).  V(x.0) = Vo(x). W(x.0)=Wo(x). (6)

With 0<U,(X),V,(X).W,(X)eC*(Q), and the boundary conditions
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The explicit formulae of the GFD explicit scheme can be seen in
[4, 5, 6], although for the sake of completeness we reproduce below
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Forj=0; 1; 2. The time derivative is approximated by
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Then, the GFD scheme for the system (3)-(5) is:
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Numerical Computations

We consider an irregular cloud of points see (Figure 1) model-
ling our in vitro domain. For all examples we denote by (u, v, w) the
approximate solution given by the GFDM. For all numerical exam-
ples we use as time step A7 =0.001 and, then, T (s) (total time) is
calculated by nAt.

[

08k

06F

0.4r

FEEEEREF AR R R R R A
FEEEFEEEE R R F E R R A
F o kR bk kR Rk

Fh b h b bbb R bR A Ak

e RS

Fhr b h bttt b b r b b rad s
R R TR L e
R R SR L R LR
R R e
FEEEF R R R EF R R R R Rk
FEEEF R R b L b R R R R
FEEEF R EE R R4+
ok Tk ko kb k
okttt b rrt 4T Frrrrrrs s
FEEF R R R E R R R bR
R
FEEEFEEEE bbb bR A+
F o kR o kR
FEEEF R AR F R AR R
FEEEFEEEE R A FE R RS

FEEEEREF AR R R R R A

* ¥ 4
L
* 4 4

0.2
0.2

=1
=
P
=
o
=
m
=
=1}
P

Figure 1: Irregular clouds of points.

Example 1
In this first example we solve numerically system given by (3)-

(5). We consider n=p=0.5and k=1.5.

We take into account the following initial data:

Us(x) = 8—100(11+y%1 Volx) = éc{,—mclcs:%y!]v Wo(x) = 0.7— %e—ch«»[;2+y2J (12)

As we have mentioned in Section 1, since the assumption k >

%2 is fulfilled, we expect to find convergence of the solution in the
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. : 9) In (Table 1) we present the [® of the approximate solution for
—N(—@,ly + L@ U W~y + ) . . . . . .
atly + Z @) Poats + Z ) different times. Figure 2 shows the different solutions at such times.
— Pttty + S + ) , ,
=1 i=l Table 1: Values of |u|i"(©), |v|i"(©) and [w]/"©@) for different time
Py + RN ]+ S W) values in the Example 1.
=1 =1
-+ S ) T(S) 1 5 10 15 20
+p(—zﬂ'ocu‘§+ézﬂ;c\a‘,")+Kyc"(l—yg"—ng. ee] 2 () 0.0125 | 0.0759 | 0.5645 | 0.9846 |  0.9999
g o V|7~ () 0.0800 | 0.0519 | 0.4229 | 0.9494 | 0.9991
—A;  — @ooto + Z Wiol; — Vg + Yo, (10)
=1
and . (W (®) 0.6966 | 0.6331 | 0.2507 | 0.0062 | 4.4514e-05
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Figure 2: Approximate solution for 1, 10 and 20 seconds for Example 1.

Example 2

For this second case we also consider 7=p =0.5 and K =1.5.As
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are not fulfilled. Table 2 shows the maximum value of the approxi-
mate solutions for different times [4]. Figure 3 shows the approxi-

mate solutions at 1, 10 and 20 seconds. We obtain convergence to
the steady state (0, 0, 1). To the best of our knowledge no analyti-

initial data we consider
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Notice that 7, <1 does not hold. Then, the assumptions of [3]
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Figure 3: Approximate solution for 1, 10 and 20 seconds for Example 2.

cal proof of this convergence is known [5,6].
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Table 2: Values of |u|/*(), M@ and [w]I"(©) for different time

values in the Example 2.

T(S) 1 5 10 15 20
o7 (€2) 0.0069 | 0.0043 | 0.0029 | 0.0022 | 0.0019
[V () 0.0060 | 0.0048 | 0.0031 | 0.0023 | 0.0019
w77 1.0953 | 1.0706 | 1.0503 | 1.0365 | 1.0257
Example 3

Let us choose now 7=0.5, p=0.6 andK =1.5. As initial data we
consider the following

. _ (ol 2 _ 2 . i o 2 _ 12
L'{]{X) —e 10({z—0.1)"4+(y—0.1) )‘ 1‘[}(}{) —=0.7e 10({z—1.2)"+(y—1) ]‘

(14)

u(]{x) -3 l(_\_fl(]((:z:f[]..'i)z+{y70.5)3}_
¢

Table 3 shows the values [>¢ norm of the approximate solu-
tions. In this third case, where w(x)<1 does not hold, we obtain con-

vergence to the steady state (0, 0, 2.8109). In general, this means

that solution to (1) converges to
(0,0,w)

where ) is an arbitrary function (which seems to depend on
[oWo(X)dX ). Figure 4 shows the approximate solution of this third
case. Note that we introduce the solutions at small times in order to

capture the dynamical complexity of the model.

Table 3: Values of |u|i*(@), M@ and [#]"©) for different time

values in the Example 3.

T(S) 1 5 10 = -
Jul7©@ | 00076 1-57594e— 2.6i§2e- 4.5(1)gee- 7.6;‘;%-
Pl | 00| ST T zenizes | O
w7 | 29038 | 28127 | 28109 | 28109 | 28109

Figure 4: Approximate solution for 0, 0.1 and 1 seconds in Example 3.

Conclusion

We have derived the discretization of the chemotaxis-hypotax-
is system (1) using a GFD scheme. The discrete solution obtained
inherits the complicated dynamical behavior of the analytical solu-
tion. The Generalized Finite Difference Method solves this strongly
coupled highly nonlinear parabolic-elliptic system efficiently and
with high accuracy.
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